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For coprime truncation sets M, N C N, we establish an isomorphism of functors
Wy o Wpy >~ Wpasn, where W (A) denotes the ring of N-Witt vectors over a
ring A. Further we note that this isomorphism can, under certain restrictions
on A, be expressed in terms of Artin-Hasse exponentials.
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INTRODUCTION

From Roberts’ paper [4], we can extract the following result. Let p be a
prime number, M = {1,p,p?,...} and N C N the set of positive integers
coprime to p. Then, for (commutative) algebras A over the localisation
Zpy = Z[L : n € NJ, there is a functorial isomorphism of rings

WN(W]V[(A)) ZWN(A). (1)

Here, Wy denotes the Witt functor on the index set N. (A more precise
definition and some basic properties of Witt vectors are given in Section 1.)
This result has applications to class field theory by interpreting Wy (F,) as
the one-unit group in a local function field (cf. Remark (c) to Proposi-
tion 3.1 below).

The question arises whether (1) holds generally for MNN = {1}, MN =N
and arbitrary rings A. We shall answer this question affirmatively in Sec-
tion 2. The crucial point (as with most proofs concerning Witt vectors)
will be to show that certain polynomials over QQ actually have their coef-
ficients in Z. This exposition is concluded in Section 3 by explaining how
the isomorphism (1) can be written out using Artin-Hasse exponentials,
when returning to the assumption that A is an algebra over Z[% :n € NJ.
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I am grateful to H. W. Lenstra, who first mentioned to me the result proven
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discussions.

1. PRELIMINARIES

Let us briefly recall the necessary facts about Witt vectors, which we distill
from [6] and [3]. In this text, rings and algebras are always commutative
with 1, and a morphism of rings A — B sends 14 to 1g. In what follows,
A always denotes a ring. For any set N, let Iy : Rings — Rings be the
functor which associates to A the N-fold direct product ring AV with the
usual componentwise addition and multiplication. Note that ITy is left
represented by the polynomial ring Ry := Z[z, : n € N|.

Throughout, N is the set of positive integers. Now let N C N be a trun-
cation set, i.e. N contains every positive divisor of each of its elements.
We denote by Wy : Rings — Rings the Witt functor which is also left
represented by Ry. However, addition and multiplication in Wy (A) are
defined by requiring that the functorial map

WN(A> — AN

PN G Ednen = @™ )nen

with
(M = Z dxz/d (2)
d|

is a ring morphism. (In other words, pn : Wx — IIy is a natural trans-
formation.)
Set W := Wy and let ¢ be a variable. Then the functorial bijection

W(A) — A(A) :=1+tA[[t]]
= (Tp)nen — fo:=[[(1—z,t")"!

transports the ring structure from W(A) to A(A). The map

oy M 2
f = of = tr

(where f’ means the formal derivative w.r.t. the variable t) sends f, to

S nen 2™t Hence (W(A),+) — (A(A),") is an isomorphism of groups.

(The multiplication in the ring A(A) is a bit more complicated.) Below,

we shall need some facts and definitions concerning truncation sets and the

ring morphisms ¢ (A).

Remark/Definition.
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(a) If M and N are truncation sets, then MN := {mn|m € M,n € N}
is a truncation set.

(b) The submonoid of (N,-) generated by any set of prime numbers is
a truncation set. These are precisely the truncation sets which are
submonoids of N, and we call them monoidal.

(c) For any subset M C Z, the set M+ := {n € N| ged(m,n) = 1Vm €
M} is a monoidal truncation set. If M is a monoidal truncation set,
then M+ is uniquely determined by the two identities M N M+ = {1}
and MM+ =N.

For a (truncation) set N C N, let Zy := Z]|
localization of Z by N.

:n € N|] C Q denote the

1
n

LEMMA 1.1. Let M # () and N be truncation sets and A a ring. Then we
have the following characterizaions.

(a) on(A) is injective <= A has no N-torsion.

(b) ©n(A) is surjective <= @n(A) is bijective <= A is a Zy-algebra
<— W (A) is a Zn-algebra.

2. MAIN THEOREM

Let M, N be two truncation sets and A a ring. Applying the functoriality of
¢n to the ring morphism @ (A) : Wy (A) — AM gives the commutative
diagram

~N(War (A
W (Wi (4)) 2D,y (4N
wNwM(A))l l@M(mN
M
Wy (AM) XA qmN

The resulting ring morphism @as n(A4) @ Wy (Wp(A)) — (AM)N takes
x = (.’L'm’n)mejlt]d to (x(mm))mef\v/[ where
ne ne

2mn) . (x(n))(m) _ Zd(z cwzzc)n/d, (3)

d|n c|lm

Note that M x N >~ MN in case M N N = {1}, so that we can identify
(AMYN = AMXN — AMN —Qur main theorem now reads as follows.

THEOREM 2.1. Let M, N be two truncation sets with M NN = {1}. Then
there is a unique functorial isomorphism (or: natural equivalence of func-
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tors)
wu,N Wy oWy — Wyn
satisfying ©ap,N = @MN © WM,N -
We want to give an elementary proof of this theorem by imitating an idea

from Witt’s original paper [5], where we find a special case of the following

LEMMA 2.1. Let A be a ring, ¢ € Z and Q@ C N the monoid generated by

all prime numbers dividing q. Factor each n € N as n = n'n* withn' € Q

and n* € Q*.

() If a,b € A satisfy q|b — a, then n’q|b™ — a™ for every n € N.

(b) Let N be a truncation set such that A has no torsion by NN Q. For
T = (Zn)nenN, Y = Un)nen € Wy (A), we then have the equivalence

Qlyn — 20 Yn e N <= n'qly™ — 2™ vn e N.

Proof.

(a) Since rsA = rAn sA for ged(r,s) = 1, we can reduce to the case
q = p' with I € N and p a prime number. Then n’ = p” and, proceeding
by induction on v, it suffices to verify the assertion for n = p. But writing
b=a+p'cwith c € Ayields ¥ —a?P = > 1_, (i)pklckap_k e pttlA.

(b) We may assume N finite and proceed by induction on |N|. Suppose
one side of the equivalence is true and let n € N. Then, by the induction
hypothesis, for all d|n with d < n we have q|ys—z4, hence n’q|d(y3/d—xs/d),
using (a). Since A is n'-torsion free and ged(g,n*) = 1, the identity

n'n*(yn — xn) + Z d(yg/d - azs/d) =y — (™
it
i)roves the equivalence for n.
For a prime number p, we denote by v, the p-adic discrete valuation (on Q*
with values in Z). Also, for z = (2 )nen € Wy (A), we set FPz = (2P)pen.

(Note that, in general, F? is not a ring homomorphism.) Then for any
n € N with v :=vp(n) > 0 we have

™ = (FPz)"/P) 4 Z dxg/d = (FPz)™/P) mod p”A. (4)

dln
vp(d)=v

We are now ready to prove Theorem 2.1.
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Proof. All three functors, Wy oWy, Wy, n and 11, n are left represented
by the polynomial ring R := Z[zp,, : m € M,n € N| with variables x,,,.
Set  := (Tyn)mem € Wy (Wp(R)). By Yoneda’s Lemma, a functorial
nenN
map (of sets) wy,n @ Wy o Wy — Wy satisfying o v = @un ©
wp,n corresponds to an element z = (Zp,)men € Wiy (R) satisfying
nenN

onm,n(z) = emn(2). Moreover wyy y will be bijective iff R = Z[zy, : m €
M,n € NJ]. Because gy n(R® Q) and ¢prn (R ® Q) are isomorphisms by
Lemma 1.1(b), we clearly must have

2= (Zmn) men = erin(emn () € Wyn(R®Q),

so wys, v will be a ring morphism and unique (if it exists). Also, compar-
ing (2) with (3), we find that 2z, — Tmn € Qe : clm,dn,ed < mn].
Therefore, we are done if we can prove that z € Wy n(R).

Let p be a prime number, set & := (xfm)yzézy € Wy(Wy(R)) and Z =

(Zmn%thfl = (P]T/[1N<LPM7N(j>) S WMN(R (9 Q), and define

Ty = (xmn)mGMa'%n = (xzr)nn)meM = FPay, € WM(R)’
Ymn = xSLm)’ gmn = i"Ezm) €R,

Ym = (ymn)nENvgm = (gmn)nEN € WN(R)’

then z(mn) = yﬁ,f) = z(mn) and F(mn) = gjy(,?) = z(mn)

Now we let m € M, n € N and show z,,, € R by induction on mn. Suppose
v := vp(mn) > 0. By the induction hypothesis, we have 2.4, Z.q € R and
therefore 2!, = Z.4 mod p for all ¢|m and d|n with cd < mn, which implies

(sz)(mn/p) = z(mn/P) mod p¥ (5)

according to Lemma 2.1(b). Also, from (2) we conclude that mnz,,, € R.
Hence, since p was an arbitrary prime number dividing mn, we are done if
we can show that p”|mnz,,,. Now, (4) yields

MNZmn = Z cdz;’g; = z(mn) _ (FPz)mn/P) mod pv.
clm, dln
vp (cd)=v

Thus, in view of (5), it remains to verify that z(m™) = z(m"/P) mod p¥.
If plm, ie. v = vy(m), we have yng = x((im) = (FP20)™?) = Gpasp
mod p” for any d € N by (4). Hence z(m?) = yfﬁ) = gjf:;/)p = z(mn/p)

mod p” by Lemma 2.1(b).
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Now let p|n, i.e. v = v,(n). Since ¥~ , = Jma mod p for any d € N, we con-
clude z(m") = yf,?) = (F?y,,)"/P) = gj,(,?/p) = z(mn/P) mod p” by (4) and
Lemma 2.1(b). 1|

The isomorphism wys y has many natural properties, e.g. it respects Teich-
miiller elements and commutes with the Verschiebung V7" for r € N (but
not, in general, for r € M; see [3] for definitions). The interested reader
can easily verify this.

3. THE CONNECTION WITH ARTIN-HASSE
EXPONENTIALS

In the following, we want to write out the isomorphism in Theorem 2.1 using
Artin-Hasse exponentials. Let pu be the Mobius function, M a monoidal
truncation set and A an algebra over Z,;.. Then, by Lemma 1.1, we can
define the Artin-Hasse exponential at M over A (cf. [1] or [6]),

Ey(t):= ] (1=t D" c A(A), satisfying

deM+
OBy = Y p(d)d = " N pappmm =t
deM+ keN meM  d|n meM

neM-t

We can thereby generalize the original definition of f, given in Section 1
to an element © = (Ty)mem € War(A) by setting

fa(t) := H Ep(x.t°) € A(A), and then

ceM
Ofr = Z c Z ot = Z (Mg, (6)
ceM neM meM

PROPOSITION 3.1. Let M, N be truncation sets with M NN = {1} and
MN =N, and let A be a Zn-algebra. Then the isomorphism wyr, n(A) in
Theorem 2.1 sends x € Wy (Wyr(A)) to z € W(A) with

fo= 11 fom @Y™ € A(A). (7)

neN

Proof. On Zy-algebras, Wy o Wy, W = Wy and Iy are represented by

the polynomial ring R := Zyn[Tym, : m € M,n € N] with variables x,,,.

Therefore, by Yoneda’s Lemma, it suffices to consider z := (Zpn) mem €
EN

Wx(Wa(R)). Let f € A(R) equal the right hand side of (7). Then, f)y (6),
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the chain rule and (3), we obtain

af _ Z Z l,(m7n)tmn7

neN meM

and the proposition follows using Theorem 2.1 and the connection between

0 and pn mentioned in Section 1. |

Remark.

(a) In fact, we have f € A(Z[zpmy, : m € M,n € NJ]), in the above proof,
due to Theorem 2.1.

(b) We can use Proposition 3.1 even when M N # N, if we keep assuming
that A is a Zj.1-algebra. In this case, set N := M+, M := N=*
and choose € W (W 5 (A)) projecting to € Wy (Wy(A)) (e.g. by
filling up with zeros). Then apply the proposition to & and project
down to Wy (A) again.

(c) Under the assumptions of the proposition, wy n(A) factors into two
isomorphisms as

~

Wi (W ((4)) —2—

W (AN =5 W(A),

the second of which has been used by Lauter [2, p. 60] in the case A =
F, and M = {1,p,p? ...} with p = char(A), in order to determine
the index of certain ray class groups in charecteristic p.
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